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Abstract 

In this paper, we apply a several wavelets basis functions to 
the method of moments to modeling the parallel-coupled 
microstrip lines. The first set of equations is for the shielded 
microstrip line solved with moment’s method and wavelets. 
The Green’s function is obtained from the theory of images. 
The second set are for the parallel-coupled microstrip lines 
operating in the TEM mode or when the analysis can be 
based on quasi-static approximation, the properties of 
coupled lines can be determined from the self- and mutual 
inductances and capacitances for the lines. To demonstrate 
the effectiveness and accuracy of the proposed technique, 
numerical results of even- and odd-mode characteristic 
impedances, coupling coefficient, percentage sparsity 
achieved in the impedance matrix, the CPU Time to reverse 
impedance matrix, and error relative for Daubechies, 
Coiflets,   Biorthogonal and Symlets wavelets are presented. 
Numerical results are in good agreement with those in 
previous publications. 

1. Introduction 

Since the first carried out research to nowadays, 
transmission line-based microwave devices are largely used 
in telecommunication systems to constantly improve the 
overall performances by reducing the size, weight, and cost. 
The parallel-coupled microstrip lines are utilized extensively 
as basic elements for directional couplers, filters, phase 
shifters and a variety of others useful circuits [1, 2]. Because 
of the coupling of electromagnetic fields, a pair of coupled 
lines can support two different modes of propagation. These 
modes have different characteristic impedances. The 
velocity of propagation of these two modes is equal when 
the lines are embedded in a homogeneous dielectric medium 
[3, 4]. 
     Wavelet theory is a relevant continuously emerging area 
in mathematical research. It has been applied to a wide range 
of engineering disciplines and received considerable 
attention on computational electromagnetics, particularly in 
solving integral equations [5, 6]. 
      Moment method is an accurate numerical method, but 
needs huge computational time and space memory, for this 

reason it cannot be applied to structures larger than a few 
wavelengths. Although several fast algorithms have been 
used to reduce the computational complexity and memory 
requirement, but need more powerful machine to be 
implemented. In contrast, Wavelet-Based Moment method 
which can be implemented easily in personal computer. By 
using the wavelets expansions, the basis and testing 
functions are chosen based for MoM. Owing to the 
orthogonality, vanishing moments, and multiresolution 
analysis of wavelets, a very sparse moment matrix is 
obtained. The interest in the sparse matrix not only from the 
reduction of the memory space (one does not store the zeros) 
but also from the reduction of the number of operations (one 
will not perform the operations on the zeros), reduction in 
computation time [7, 8]. 
     The paper is organized as follows. Section 2 is devoted to 
microstrip line and coupled Microstrip formulation of the 
integral equation, using Green’s function. In Section 3, the 
coupled mode approach is used to characterize the coupled 
line by the characteristic impedances for the two modes. 
These two modes are obtained by considering the effect of 
the self- and the mutual inductances and capacitances on the 
modes in the individual uncoupled lines. Numerical results 
and discussion are also presented to compare several 
wavelet bases for their merits in solving the problem in 
hand. 

2. Analysis of Microstrip Line and coupled 

Microstrip Lines. 

2.1.   Analyses of Microstrip Line 

In the analysis, we consider a shielded microstrip line with 
the cross-section shown in Figure 1 [9, 10]. We assume that 
the metal and dielectric losses in this line are negligible and 
the propagation mode in direction Oz is almost TEM. The 
function G satisfies the boundary and the interface 
conditions of the microstrip configuration but not the source 
condition. Using Green’s function, an integral equation of 
the following form can be formulated and solved to 
determine the charge distribution [10]: 
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𝑉(𝑥, 𝑦0) = 𝑉(𝑥) = ∫ 𝐺(𝑥, 𝑥0)𝜌(𝑥0)𝑑𝑥0

𝑎+𝑤
2

𝑎−𝑤
2

      (1) 

Where V and ρ are the potential and the charge distributions, 

respectively. 

 
Figure1:  Shielded microstrip line geometry [10]. 

Green’s function G for the microstrip configuration is 
obtained from the theory of images for a charge placed in 
front of a dielectric-air interface and has been described by 
Silvester [3]. The method of images is illustrated in Figure 
2. In this figure, the partial image coefficient K is given by 
[11, 12] 

𝐾 =
(1 − 𝜀𝑟)

(1 + 𝜀𝑟)
                                          (2) 

 

 
Figure 2: Multiple images of a line charge in front of a 
dielectric slab 

The Green’s function G for the configuration as shown in 
Fig. 1 may be written as [3]: 

𝐺(ℎ, 𝑥) =
1

2𝜋(𝜀𝑟 + 1)𝜀0
{∑ 𝐾𝑛−1. 𝑙𝑛 [{(4𝑛2 + (

𝑥 − 𝑥0

ℎ
)

2

)(4𝑛2

∞

𝑛=1

+ (
𝑥 + 𝑥0

ℎ
)

2

)}

/ {(4(𝑛 − 1)2 + (
𝑥 − 𝑥0

ℎ
)

2

)(4(𝑛 − 1)2

+ (
𝑥 + 𝑥0

ℎ
)

2

)}]}                                           (3) 

2.2.   Analyses of coupled Microstrip Lines 

A “coupled line” configuration consists of two transmission 
lines placed parallel to each other and in close proximity as 
shown in Figure 3. In such a configuration there is a 
continuous coupling between the electromagnetic fields of 
the two lines [3]. 

     For the lines operating in the TEM mode or when the 
analysis can be based on quasi-static approximation, the 
properties of coupled lines can be determined from the self- 
and mutual inductances and capacitances for the lines. In the 
case of lines operating in the non-TEM mode (for example, 
coupled slotlines), a full wave analysis is needed for the two 
modes of propagation. 

 
Figure 3:  Symmetric coupled microstrip lines in an 
enclosure [3]. 

The coupled mode analysis for coupled lines with unequal 
impedances, shown in Figure 4, is described next 

 
Figure 4: A pair of coupled lines with unequal impedances. 

    For coupled mode analysis, the voltage on one line is 
written in terms of the currents on both lines and the self- 
and mutual impedances. Similarly the current is written in 
terms of voltages and admittances. Eliminating currents or 
voltages yields the coupled equations. The solution of these 
coupled equations determines the propagation constants for 
the two modes [3]. 

     Assuming a variation of the type 𝑉(𝑧) = 𝑉0𝑒−𝑦𝑧 for the 
voltages v1 and v2, the coupled equations resultants, reduce 
to the eigenvalue equation. 

[𝛾4 − 𝛾2(𝑎1 + 𝑎2) + 𝑎1𝑎2 − 𝑏1𝑏2]𝑣0                     (4) 
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Where 

𝑎1 = 𝑍1𝑌1 + 𝑍𝑚𝑌𝑚 

𝑏1 = 𝑍1𝑌𝑚 + 𝑍𝑚𝑌2                                (5) 
𝑎2 = 𝑍2𝑌2 + 𝑍𝑚𝑌𝑚 
𝑏2 = 𝑍2𝑌𝑚 + 𝑍𝑚𝑌1 

    Where Zj, and Yj (j = 1, 2) are self-impedances and self-
admittances per unit length of lines 1 and 2 and Zm and Ym 
are mutual impedance and mutual admittance per unit 
length, respectively. A time variation ejwt is assumed. 

    The solution of equation (4) leads to the following four 
roots for g: 

𝛾2
𝑐,𝜋

=
𝑎1 + 𝑎2

2
∓

1

2
[(𝑎1 + 𝑎2)2 + 4𝑏1𝑏2]

1
2             (6) 

    The subscripts “c” and “p” refer to the c and p modes for 
asymmetric coupled lines. The propagation constants for 
these modes, γc and γp, correspond to in-phase and anti-
phase waves, which reduce to even- and odd-mode waves, 
respectively, for symmetrical lines. 

    As discussed above, asymmetric coupled lines can be 
represented in terms of two modes called c and p modes. 
The phase constants and the characteristic impedances of 
these modes are related to the line constants in the following 
manner [3]: 

𝛾𝑐,𝜋 = 𝑗𝛽𝑐,𝜋

= 𝑗
𝜔

√2
[𝐿1𝐶1 + 𝐿2𝐶2

− 2𝐿𝑚𝐶𝑚                                                                         

± √(𝐿2𝐶2 − 𝐿1𝐶1)2 + 4(𝐿𝑚𝐶1 − 𝐿2𝐶𝑚)(𝐿𝑚𝐶2 − 𝐿1𝐶𝑚)  ]1/2      (7) 

𝑍𝑐1 =
𝜔

𝛽𝑐

(𝐿1 −
𝐿𝑚

𝑅𝜋

) =
𝛽𝑐

𝜔
(

1

𝐶1 − 𝑅𝑐𝐶𝑚

)                  (8) 

𝑍𝜋1 =
𝜔

𝛽𝜋

(𝐿1 −
𝐿𝑚

𝑅𝑐

) =
𝛽𝜋

𝜔
(

1

𝐶1 − 𝑅𝜋𝐶𝑚

)            (9) 

And 
𝑅𝑐,𝜋 = 

𝐿2𝐶2 − 𝐿1𝐶1 ± √(𝐿2𝐶2 − 𝐿1𝐶1)2 + 4(𝐿𝑚𝐶2 − 𝐿1𝐶𝑚)(𝐿𝑚𝐶1 − 𝐿2𝐶𝑚)

2(𝐿𝑚𝐶2 − 𝐿1𝐶𝑚)
     (10) 

    Self-capacitances C1 and C2, self-inductances L1 and L2 as 
well as mutual capacitance Cm and mutual inductance Lm 
can be determined from quasi-static analysis 

    It was pointed out earlier that the c and p modes reduce to 
the even and odd modes, respectively, for symmetric 
coupled lines. The propagation constants for these modes are 
given by 

𝛾𝑒,𝑜 = 𝛾𝑐,𝜋 = [(𝑌𝑜±𝑌𝑚)(𝑍𝑜 ± 𝑍𝑚)]
1
2                (11) 

Where 

𝑌𝑜 = 𝑌1 𝑜𝑟 𝑌2      𝑍𝑜 = 𝑍1  𝑜𝑟 𝑍1 

And the voltage ratio is simplified: 

𝑅𝑐 =
𝑉2

𝑉1

= +1     (𝑓𝑜𝑟 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛 𝑚𝑜𝑑𝑒) 

𝑅𝜋 =
𝑉2

𝑉1

= −1     (𝑓𝑜𝑟 𝑡ℎ𝑒 𝑜𝑑𝑑 𝑚𝑜𝑑𝑒) 

     In terms of line constants, the characteristics of even and 
odd modes can be obtained from (7) to (9) by substituting L1 
= L2 = Lo and C1 = C2 = Co. The expressions are given as 

𝛽𝑒,𝑜 = 𝜔[𝐿𝑜𝐶𝑜 − 𝐿𝑚𝐶𝑚 ± (𝐿𝑚𝐶𝑜 − 𝐿𝑜𝐶𝑚)]1/2              (12) 

𝑍𝑜𝑒 =
𝜔

𝛽𝑒
(𝐿𝑜 + 𝐿𝑚) =

𝛽𝑒

𝜔
(

1

𝐶0−𝐶𝑚
)         

And       

  𝑌𝑜𝑒 =
1

𝑍𝑜𝑒
                                           (13)     

𝑍𝑜𝑜 =
𝜔

𝛽𝑜
(𝐿𝑜 − 𝐿𝑚) =

𝛽𝑜

𝜔
(

1

𝐶𝑜+𝐶𝑚
)           

And     

     𝑌𝑜𝑜 =
1

𝑍𝑜𝑜
                                         (14)  

    Where βe,o are the phase constants of lossless coupled 
lines given by γe,o = jβe,o. The lines are characterized by 
inductance per unit length Lo and capacitance per unit length 
Co. The mutual inductance is Lm and the mutual capacitance 
is Cm. 

3. Wavelet Theory and Method of Moments 

Researchers are now faced with an ever increasing variety of 
wavelet bases to choose from. While the choice of the “best” 
wavelet is obviously application dependent, it can be useful 
to isolate a number of properties and features that are of 
general interest to the user. Since wavelets may have some 
nice properties, including symmetry, vanishing moments, 
compact support and orthogonality, the construction of a 
wavelet has become a very popular scientific research 
subject, especially in mathematics and engineering [13].  
One can construct wavelets ψ  such that the dilated and 
translated family is an orthonormal basis of L2(R). 
 

{ψj,n(t) =
1

√2j
ψ (

t − 2jn

2j
)}  (j,n)∈Z2                 (15) 

Orthogonal wavelets dilated by 2j carry signal variations at 
the resolution 2j. The construction of these bases can be 
related to multiresolution signal approximations. Most 
applications of wavelet bases exploit their ability to 
efficiently approximate particular classes of functions with 
few nonzero wavelet coefficients. 

3.1. Wavelets Bases 

3.1.1. Daubechies Wavelets 

The dbN wavelets are the Daubechies extremal phase 
wavelets. N refers to the number of vanishing moments. In 
the construction of Daubechies wavelets, we seek a finite set 
of nonzero coefficients hk in the dilation equation [4] 
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𝜑(𝑡) = ∑ ℎ𝑘

𝑘

√2𝜑(2𝑡 − 𝑘)                       (16) 

Recalling that 

ℎ̂ (
𝜔

2
) = ∑

ℎ𝑘

√2
𝑘

𝑒−𝑖(
𝜔
2

)𝑘                               (17) 

    In general, for Daubechies scalets hn = 0 for n < 0 and n > 
2N + 1, the support ϕ = [0, 2N − 1], and the support ψ =[1 − 
N, N], where N is the order, or the number of vanishing 
moments. Figure 5 displays the graphs ψ for N=4. 

 
Figure 5: Daubechies Wavelets 

3.1.2. Symmlets 

Daubechies wavelets are very asymmetric. To obtain a 
symmetric or anti-symmetric wavelet, the filter h must be 
symmetric or anti-symmetric with respect to the center of its 
support, which means that  ℎ̂(𝜔)    has a linear complex 
phase. The Daubechies Symmlet filters are obtained by 
optimizing the choice of the square root R (e-iω) of Q (e-iω) to 
obtain an almost linear phase. The resulting wavelets still 
have a minimum support [-p+1, p] with p vanishing 
moments, but they are more symmetric, as illustrated by 
Figure 6 for N= 4 [6-13].  

 
Figure 6:  Symmlets wavelets 

3.1.3. Biorthogonal Wavelet 

We study the design of biorthogonal wavelets with a 
minimum-size support for a specified number of vanishing 
moments. Symmetric or anti-symmetric compactly 

supported spline biorthogonal wavelet bases are constructed 
with a technique introduced in [1]. The resulting Spline 
biorthogonal wavelets for (p=4,�̂� = 4) is illustrated in Fig. 7 
[13]. 

 
Figure 7: Biorthogonal wavelet [13]. 

3.1.4. Coiflets Wavelets  

An orthonormal wavelet system with compact support is 
called the Coifman wavelet system of order L if ϕ(t) and ψ(t) 
have L−1 and L vanishing moments, respectively [4], 

∫ 𝑑𝑡𝑡𝑙 𝜓(𝑡) = 0         𝑙 = 0,1,2, … , 𝐿 − 1             (18) 

∫ 𝑑𝑡𝑡𝑙 𝜑(𝑡) = 0         𝑙 = 0,1,2, … , 𝐿 − 1              (19) 

    The unique property of the Coiflets is contained in (20), 
namely the vanishing moments of the scalets. This property 
can be shown to yield 

∑ 𝑘ℎ𝑘

𝑘

= 0                                        (21) 

The resultant Coiflets scalet and wavelet of order L = 4 are 
plotted along with their Fourier transform (in magnitude) in 
Fig. 8. 

 
Figure 8:  Coiflets scalet ϕ and wavelet ψ(L = 4). 

3.2. Method of Moments and wavelets 

It is easier to expand a given function in a wavelet basis than 
to expand an unknown function in wavelets while solving 
the corresponding integral equation by the MoM [5, 14].      
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The wavelets are applied directly upon the integral equation. 
The density of charge will be represented as a linear 
combination of the set wavelet functions and scaling 
functions as fellow [10, 15]: 

𝜌(𝑥0) = ∑ 𝑎𝑛∅𝑗.𝑛

𝑛

(𝑥0) + ∑ ∑ 𝐶𝑚.𝑛𝜓𝑚.𝑛(𝑥0)        (22)

𝑛

2𝑗−1

𝑚=𝑗

 

The main mathematical properties which enable sparse 
matrix generation are the orthogonally and the vanishing 
moment. A function ψ (x) is said to have vanished moment 
of N order if: 

∫ xnψ(x)dx = 0
+∞

−∞

                 ∀ 𝑛 = 0,1 … . . (𝑁 − 1)    (23) 

When applying equation 22 into equation 1 we obtain: 

𝑉(𝑥)

= ∫ [∑ an∅j.n

n∈Z

(𝑥0)
(𝑎+𝑤)/2

(𝑎−𝑤)/2

+ ∑ ∑ Cm.lψm.l(𝑥0) 

l

2j−1

m=j

] [𝐺(𝑥, 𝑥0)]𝑑𝑥0                                   (24)  

Applying testing functions we obtain: 

〈𝑉(𝑥), ∑ ∅j.n

n∈Z

(𝑥) + ∑ ∑ ψm.l(𝑥) 

l

2j−1

m=j

〉

= ∫ 〈[∑ an∅j.n

n∈Z

(𝑥0)
(𝑎+𝑤)/2

(𝑎−𝑤)/2

+ ∑ ∑ Cm.lψm.l(𝑥0) 

l

2j−1

m=j

] [𝐺(𝑥, 𝑥0)], ∑ ∅j.n

n∈Z

(𝑥)

+ ∑ ∑ ψm.l(𝑥) 

l

2j−1

m=j

〉 𝑑𝑥0                                                         (25) 

This set of equations can be written in matrix form: 

[
[Z∅,∅] [Z∅,ψ]

[Zψ,∅] [Zψ,ψ]
] [

an

cm,n
] = [

< V, ∅j,n >

< V, ψm,n >
]                         (26) 

Where: 

[𝑍∅,∅] =< ∅𝑗,𝑛, ∫ ∅𝑗,𝑛𝐺(𝑥, 𝑥0)

𝑎+𝑤
2

𝑎−𝑤
2

𝑑𝑥0 >                    

[𝑍∅,𝜓] =< ∅𝑗,𝑛, ∫ 𝜓𝑚,𝑛

𝑎+𝑤
2

𝑎−𝑤
2

𝐺(𝑥, 𝑥0)𝑑𝑥0 >                       (27) 

[𝑍𝜓,∅] =< 𝜓𝑚,𝑛, ∫ ∅𝑗,𝑛

𝑎+𝑤
2

𝑎−𝑤
2

𝐺(𝑥, 𝑥0)𝑑𝑥0 >                   

[𝑍𝜓,𝜓] =< 𝜓𝑚,𝑛, ∫ 𝜓𝑚,𝑛𝐺(𝑥, 𝑥0)

𝑎+𝑤
2

𝑎−𝑤
2

𝑑𝑥0 >                

Matrix Zψ,ψ  is very sparse because both of the expansion 
and testing functions are wavelets. Matrices Z∅,ψ and Zψ,∅ 
are composed of a mix of scalet and wavelet. Matrix Z∅,∅ is 
dense because both of the expansion and testing functions 
are scalets. These submatrices represent the interaction 
between the sources and fields in different subspaces. 

4. Results and discussions 

In this section the example is presented to verify the validity 
of the proposed new basis functions in this paper. Consider a 
two coupled symmetric microstrip (figure 3) with 
w1=w2=0.635, W/h = 0.005 to 1.5, and s=2 mm. The 
substrate thickness is h=0.635 mm and the relative 
permittivity of the substrate is εr=9.6 [3]. We concentrate on 
the line constants, the characteristics of even and odd and 
electric coupling, as this quantity depends strongly on the 
accuracy of the results. 
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(b) 

Fig. 9: Characteristic impedance of microstrip line (a) and 
Even- and odd-mode characteristic impedances for coupled 
microstrip lines (b). 

Fig. 9 (a) and Fig. 9 (b) respectively show the characteristic 
impedance of the shielded microstrip and the even- and odd-
mode characteristic impedances for coupled microstrip lines 
by the classical pulse functions basis as well as 
Biorthogonal, Coiflets,  Daubechies, and Symlets wavelet 
bases with strip width W/h. We observe that the 
characteristic impedance decreases when the ratio W/h 
increases. This variation is due to the microstrip line width, 
w, and when w increases, the capacity of the line increases. 
We can see a good agreement between the two methods, 
especially for the Biorthogonal and Symlets wavelets. These 
results agree well with the previous work published in [3], 
[1] and [10]. 
 
Table 1 summarizes the numerical results of all 
aforementioned wavelet bases in terms of the average 
percentage sparsity achieved in the IM, the CPU Time to 
reverse IM, and the relative error. The calculations are made 
on a PC computer with AMD Dual-Core 1.30GHz CPU, 2 
GB memory and Windows 7 Professional system.  

Table 1: Execution times, sparsity and relative error versus 
various wavelets 

 MoM Db4 Sym4 Coif4 Bior4.4 
Sparsity %  68.57 71.42 52.32 69.44 
CPU Time 
to reverse 
IM (ms) 

9.168 3.346 1.672 8.133 2.641 

CPU Time 
reduction % 

 63.50 81.762 11.289 71.193 

Relative 
error 

 0.0011 0.0003 0.0018 0.0015 

As seen in Table 1, the basis wavelets expansion extracts the 
variation of characteristic impedance more rapidly than the 
conventional MoM. Table 1 also reveals that Biorthogonal 
and Symlets wavelets extract the variation of characteristic 
impedance more rapidly than the Coiflets, and Daubechies. 
In particular, the Symlets (CPU Time reduction= 81.762 % 
and Relative error=0.0003) appears to be the most 
appropriate choice for analyzing the coupled microstrip line. 
      This is sought to be due to its regularity and compact 
support. The regularity of wavelet has mostly a cosmetic 
influence on the error introduced by thresholding or 
quantizing the wavelet coefficients. 
      Fig. 10 shows the sparsity pattern of the most ill-
conditioned IM for different wavelets, db4: Daubechies 
wavelet, sym4: Symlets wavelet, coif4:  Coiflets wavelet, 
and bior4: Biorthogonal wavelet. By means of Fig. 10, priori 
locations of non-significant matrix elements have been 
estimated, and evaluation of small elements at impedance 
matrix has been avoided. 

 

 

  

Figure 10: Gray-image of a typical coefficient matrix. 

The coupling coefficient is given by the following formula 
[16]: 

𝑘 =
𝑍𝑜𝑒 − 𝑍𝑜𝑜

𝑍𝑜𝑒 + 𝑍𝑜𝑜

         𝑤𝑖𝑡ℎ  0 < 𝐾 < 1                       (28) 

     Figure 11 shows the variations of the coupling coefficient 
as a function of the gap S between the two lines of coupled 
microstrip line, for different dielectric constants of substrate. 
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Figure 11: Coupling coefficient as a function of the gap s. 

    We observe also the electric coupling k a depend of 
dielectric constant. The lower the dielectric constant, the 
stronger is the electric coupling. The numerical results also 
indicate that for low values of dielectric constant the 
variation of electric coupling with εr, is rapid while it is 
rather slow for high values of εr. These results agree well 
with the previous work published in [17]. 

5. Conclusions 

In this paper, we studied the several of wavelets in the goal 
to evaluate the characteristic impedance of the shielded 
microstrip and the even- and odd-mode characteristic 
impedances for coupled microstrip lines. We have presented 
the numerical results of the even- and odd-mode 
characteristic impedances, coupling coefficients, average 
percentage sparsity achieved in the IM, the CPU Time to 
reverse IM, and the relative error obtained using methods of 
moments-wavelets. The MoM-wavelets of the four types of 
wavelets, namely the Daubechies, Coiflets,   Biorthogonal 
and Symlets have been investigated. The comparison 
between MoM and several wavelets provides a good 
agreement. This new basis possesses the properties of rapid 
convergence. Taking full advantages of wavelets analysis, it 
has been demonstrated that highly sparse matrice is 
obtained. Thus the calculation time is significantly reduced. 
In particular, the Symlets wavelets (Sparsity=71.42%, CPU 
Time reduction= 81.762 % and Relative error=0.0003) 
appears to be the most appropriate choice of analyzing the 
coupled microstrip line. 
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