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Abstract

Iterative procedure is implemented to derive rigorous solution
to the problem of plane electromagnetic wave scattering by
couple of perfect electromagnetic conducting (PEMC) elliptic
cylinders due co and cross polarized scattered fields among
cylinders. The translation addition theorem for Mathieu
functions is enforced to compute the higher order scattered
fields by single PEMC elliptic cylinder in terms of the other
elliptic cylinder coordination system to impose the boundary
conditions. The kth co and cross polarized scattered field
coefficient expressions are extracted by iteration procedure
without using matrix inversion.

I.  INTRODUCTION

There are many practical solutions that rely on the
scattering by infinite elliptic cylinders such as studying the
scattering by irregular cylinder simulated by elliptic cylinders,
also verifying the numerical and approximate technique
solution results.

Translation addition theorem for Mathieu functions is
forced to solve analytically the problem of scattering by a
system of PEMC elliptic cylinders in order to apply the
boundary conditions. As the number of elliptic cylinders
increase, additional memory and time are required to invert the
coupling system matrix. Further, for some given cylinder sizes,
separation distances, material constants and angles of incidence
are hard to achieve because of the related ill-condition system
matrices.

In this paper, an iterative procedure is presented to the
scattering by couple of PEMC elliptic cylinders. The procedure
needs to solve the scattered co/cross polarized fields by each
PEMC cylinder as it acts as incoming field on the other
cylinder. The initial scattered fields may be obtained due to the
initial incoming field only. The second order scattered fields
may be obtained by exciting every cylinder by the initial co/
cross polarized scattered fields.

There are available solutions to the multiple interaction as by
conducting and dielectric elliptic cylinders as in [1-3], circular
cylinders [4-6], spheres [7] and spheroids [8] using different
techniques.

We implement in the current paper an iterative procedure for
couple of conducting elliptic cylinders to develop the solution
for scattering by PEMC elliptic cylinders [3]. The proposed

solution will also present the scattering from perfectly electric
conducting (PEC) cylinders by making the PEMC admittance
goes to infinity on cylinders surface while reducing to the
scattering from perfectly magnetic conducting (PMC) cylinders
by letting PEMC the admittance goes to zero. Expressions are
obtained in the next section, without using matrix inversion, for
higher order co/cross polarized scattered field coefficients.

II. FORMULATION

The scattering geometry is presented in Figure 1 for a system
of infinitely perfect electromagnetic conducting elliptic
cylinders with arbitrary size and orientation. Cylinder one is
positioned at o1 while the other cylinder is positioned at the
point (d, ). The radii a1 and a2 present the major axes of the
cylinders while the minor axes are presented by b: and bz. Each
cylinder local coordinate system makes an angle, ¢, for

cylinder one while ¢, for cylinder two, with its global

coordinate system.

Figurel Geometry of two PECM elliptic cylinders.
Consider an electromagnetic plane wave incoming towards a
system of PEMC elliptic cylinders at an angle ¢, . with regard

to the xaxis, as shown in Figure 1. The electric field
component of the TM polarization is given by
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where k is the wave number in the region exterior to the
elliptic cylinders. The incoming fields towards the system of
two cylinders may be expressed as [6]
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The scattered co/cross electric and magnetic fields from the
PEMC elliptic cylinders can be presented in terms of Mathieu
functions as
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where B, , C. . B. ,and C.

com s Ciom> Diom > .om are the unknown even and
odd scattered field expansion coefficients, and Re(:;) and
R(E:‘n) are Mathieu functions, even and odd, of the fourth kind.

Excitation of each cylinder by the incoming plane wave alone
generates the first iteration scattered field. The unknown

expansion coefficients are obtained by imposing the boundary
condition at the surface of the PEMC elliptic cylinders.

For ith cylinder, this can be expressed mathematically, for
the co polarized incident fields [9], as
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where M is the PEMC admittance. Putting equations (2-11)
into equations (12-13) and using orthogonality properties of the
angular Mathieu function, we extract the first order co/cross
polarized scattered field coefficients as

Rep (e, )Ry (01, §) + 2P MR, (1 SR, (€08

Bl —_ om om A (14)
(+Z°M*)R) (c L,§>R£;? (c. &)
R, (e, §RG(c, &) — Ry (¢08, )Rﬁi? (c.&) (15)
C iem ./MZ = - 4) = 4 Ai('m
(1+Z*M*HRS (c,,<§)R< >(c,,§)

om

The above expressions may be put in matrix form as
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The second iteration scattered co/cross polarized fields are
generated from the excitation of cylinders by the first iteration
scattered co/cross polarized fields due to the initial incoming
fields.

The unknown scattered expansion coefficients may be
achieved by forcing the boundary conditions at the surface of
the PEMC elliptic cylinders.

For the first cylinder, this can be expressed mathematically due
to the co polarization scattered fields of cylinder two incoming
field towards the first cylinder as
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Putting the appropriate expressions in equations (19) and (20),
and expressing the first iteration scattered fields from cylinder

two in terms of the appropriate system of cylinder one by using
the addition theorem for the Mathieu functions [4,5], i.e
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where \Plz and \P21 are measured from the local x axis of
each cylinder to the distance between the cylinders, H ;231 (kd)

is the Hankel function of the second kind with argument &, and
Dy, and D),

functions.

are the Fourier coefficients of the Mathieu

Apply the orthogonality properties of the angular Mathieu
functions yield the second order co/cross polarized scattered
field coefficients as
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while the odd co and cross first order scattered field
coefficients may be obtained from equations (27) and (28).

This yield to
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Equations (27)-(30) may be written in matrix form as
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Finally, for the first cylinder, the scattered field coefficients
due to the cross polarization scattered fields of the second
cylinder incident on the first cylinder may be written as
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The expression for the higher order scattered co/cross polarized
field coefficients for a system of cylinders may be written
following the previous procedures.

The total scattered field from the cylinders due to higher order
scattered field can be written as
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For the TM polarization case, the echo is defined as
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III. CONCLUSION

Rigorous solution to the problem of field scattered due to a
plane electromagnetic wave incoming on a system of PEMC
elliptic cylinders was presented. Translation addition theorem
was used in order to satisfy iteratively the boundary conditions
at the cylinders surface. The obtained system of equations was
written in matrix form and the scattered field coefficients for co
and cross polarized fields were obtained without matrix
inversion.
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